In this paper we recall that by construction Elko spinor fields of λ and ρ types satisfy a coupled system of first order partial differential equations (csfopde) that once interacted leads to Klein-Gordon equations for the λ and ρ type fields. Since the csfopde is the basic one and since the KleinGordon equations for λ and ρ possess solutions that are not solutions of the csfopde for λ and ρ we infer that it is legitimate to attribute to those fields mass dimension 3/2 (as is the case of Dirac spinor fields) and not mass dimension 1 as previously suggested in recent literature (see list of references). A proof of this fact is offered by deriving the csfopde for the λ and ρ from a Lagrangian where these fields have indeed mass dimension 3/2. Taking seriously the view that Elko spinor fields due to its special properties given by their bilinear invariants may be the description of some kind of particles in the real world a question then arises: what is the physical meaning of these fields? Here we proposed that the fields λ and ρ serve the purpose of building the fields K ∈ Cℓ
). These fields are electrically neutral but carry magnetic like charges which permit them to couple to a su(2) ≃ spin3,0 ⊂ R 0 3,0 valued potential A ∈ sec 1 T * M ⊗ R 0 3,0 . If the field A is of short range the particles described by the K and M fields may be interacting and forming condensates of zero spin particles analogous to dark matter, in the sense that they do not couple with the electromagnetic field (generated by charged particles) and are thus invisible. Also, since according to our view the Elko spinor fields as well as the K and M fields are of mass dimension 3/2 we show how to calculate the correct propagators for the K and M fields. We discuss also the main difference between Elko and Majorana spinor fields, which are kindred since both belong to class five in Lounesto classification of spinor fields. Most of our presentation uses the representation of spinor fields in the Clifford bundle formalism, which makes very clear the meaning of all calculations.
Introduction
Elko spinor fields have been introduced in [1, 2] as dual helicity eigenspinors of the charge conjugation operator satisfying Klein-Gordon equation and carrying according to the authors of [1, 2] mass dimension 1 instead of mass dimension 3/2 carried by Dirac spinor fields. A considerable number of interesting papers have been published in the literature on these extraordinary objects in the past few years. In particular, according to the theory in [1, 2] the anticommutator of an elko spinor field with its conjugate momentum is nonlocal and it is claimed that the theory possess an axis of locality which implies also that the theory of elko spinor fields break Lorentz invariance. We shall discuss this issue in the Appendix B which according our view is an odd feature of the theory in [1, 2] . We recall in section 2 that differently from the theory in [1, 2] where a second quantized elko spinor field satisfies a Klein-Gordon equation (instead of a Dirac equation) the classical elko spinor fields of λ and ρ types satisfy by their construction a csfopde that is Lorentz invariant. It is thus possible to construct (what we believe) is a more reasonable theory where those fields, as we will show play a key role. The csfopde once interacted leads to Klein-Gordon equations for the λ and ρ type fields. However, since the csfopde is the basic one and since the Klein-Gordon equations for λ and ρ possess solutions that are not solutions of the csfopde for λ and ρ we think that it is not necessary to get the field equations for λ and ρ from a Lagrangian where those fields have mass dimension 1 as in [1, 2] . Indeed, we claim that we can attribute mass dimension of 3/2 for these fields as is the case of Dirac spinor fields. A proof of this fact is offered by deriving in Section 3 the csfopde for λ and ρ from a Lagrangian where these fields have mass dimension 3/2. This, fact is to be contrasted with the quantum theory of these fields as presented in [1, 2, 5, 6, 28, 29, 34] (and references therein), namely that elko fields have mass dimension 1.
Taking seriously the view that elko spinor fields due to the special properties given by their bilinear invariants may be the description of some kind of particles in the real world a question then arises: what is the physical meaning of these fields?
In what follows we propose that the fields λ and ρ (the representatives in the Clifford bundle Cℓ(M ,η) of the covariant spinor fields λ and ρ ) serve the purpose of building Clifford valued multiform fields, i.e., K ∈ Cℓ 0 (M ,η) ⊗ R (42)). These fields are electrically neutral but carry magnetic like charges which permit that they couple to a su(2) ≃ spin 3,0 ⊂ R 0 1,3 valued potential A ∈ sec 1 T * M ⊗ spin 3, 0 . If the field A is of short range the particles described by the K and M may be interacting and forming a system of spin zero particles with zero magnetic like charge and eventually form condensates something analogous to dark matter, in the sense that they do not couple with the electromagnetic field and are thus invisible.
We observe that elko and Majorana fields are in class 5 of Lounesto classification [20] and although an elko spinor field does not satisfy the Dirac equation as correctly claimed in [1, 2] , a Majorana spinor field ψ M : M → C 4 which is a dual helicity object according to some authors (see e.g., [21] ) does satisfy the Dirac equation. However this statement is not correct. However an operator (quantum)Majorana field ψ M can satisfy Dirac equation if it is not a dual helicity object ( see Section 5.3). Also, even at a "classical level" a Majorana spinor field satisfies Dirac equation if for any x ∈ M their components take values in a Grassmann algebra. Also, differently from the case of elko spinor fields some authors claim that Majorana fields are not dual helicities objects [1] , a statement that is correct only for Majorana quantum fields as constructed in Section 5.3. For a Majorana field (even at "classical level") whose components take values in a Grassmann algebra the statement is not correct.
Finally, since according to our findings the elko spinor fields as well as the fields K and M are of mass dimension 3/2 we show in Section 6 how to calculate the correct propagators for K and M. We also show that the causal propagator for the covariant λ and ρ fields is simply the standard Feynman propagator of Dirac theory.
In presenting the above results we use the representation of spinor fields in the Clifford bundle formalism (CBF) [23, 26, 31] . This is briefly recalled in section 2 where a useful translation for the standard matrix formalism.
1 to the CBF is given. The CBF makes all calculations easy and transparent and in particular permits to infer [27] in a while that elko spinor fields are class 5 spinor fields in Lounesto classification [20, 27] .
Description of Spinor Fields in the Clifford Bundle
Let (M ≃ R 4 , η, D, τ η ) be the Minkowski spacetime structure where η ∈ sec T 2 0 M is Minkowski metric and D is the Levi-Civita connection of η. Also, τ η ∈ sec 4 T * M defines an orientation. We denote by η ∈ sec T 0 2 M the metric of the cotangent bundle. It is defined as follows. Let x µ be coordinates for M in the Einstein-Lorentz-Poincaré gauge. Let e µ = ∂/∂x µ a basis for T M and γ µ = dx µ the corresponding dual basis for T * M , i.e., γ µ (e α ) = δ µ α . Then, if η = η µν γ µ ⊗ γ ν then η = η µν e µ ⊗ e ν , where the matrix with entries η µν and the one with entries η µν are the equal to the diagonal matrix diag(1,
We also denote by γ µ the reciprocal basis of γ µ = dx µ , which satisfies γ µ · γ ν = δ µ ν . We denote the Clifford bundle of differential forms 2 by Cℓ(M, η) and use notations and conventions in what follows as in [31] and recall the fundamental 1 If more details are need the reader may find the necessary help in [31] . 2 We recall that Cℓ(T * x M, η) ≃ R 1,3 the so-called spacetime algebra. Also the even subalgebra of R 1,3 denoted R 0 1,3 is isomorphic to te Pauli algebra R 3,0 , i.e., R 0 1,3 ≃ R 3,0 . The even subalgebra of the Pauli algebra R 0 3,0 := R 00 3,0 is the quaternion algebra R 0,2 , i.e., R 0,2 ≃ R 0 3,0 . Moreover we have the identifications: Spin 0 1,3 ≃ Sl(2, C), Spin 3,0 ≃ SU (2). For the Lie algebras of these groups we have spin 0 1,3 ≃ sl(2, C), su(2) ≃ spin 3,0 . The important fact to keep in mind for the understanding of some of the identificastions we done below is that Spin 0 1,3 , spin 0 1,3 ⊂ R 3,0 ⊂ R 1,3 and Spin 3,0 , spin 3,0 ⊂ R 0,2 ⊂ R 0 1,3 ⊂ R 1,3 . If more details are need the read should consult, e.g., [31] .
As well known all (covariant) spinor fields carrying a (1/2, 0) ⊕ (0, 1/2) representation of Spin 0 1,3 ≃ Sl(2, C) belongs to one of the six Lounesto classes [20] . As well known a (1/2, 0) ⊕ (0, 1/2) spinor field in Minkowski spacetime is an equivalence class of triplets (ψ, Σ, Ξ) where for each x ∈ M, ψ(x) ∈ C 4 , Σ is an orthonormal coframe and Ξ = u ∈ Spin 
where S(u) is the standard (1/2, 0) ⊕ (0, 1/2) matrix representation of Sl(2, C). Dirac gamma matrices in standard and Weyl representations will be denoted by γ µ and γ µ ′ and are not to be confused with the γ µ ∈ sec 1 T * M ֒→ Cℓ(M, η). As well known the gamma matrices satisfy γ µ γ ν + γ ν γ µ = 2η µν and γ
µν . The relation between the γ µ and the γ ′µ is given by
where
A representation of a (1/2, 0)⊕(0, 1/2) spinor field in the Clifford bundle is an equivalence class of triplets (ψ, Σ, Ξ) where ψ ∈ sec Cℓ 0 (M, η) (the even subbundle of sec Cℓ(M, η)), Σ is an orthonormal coframe and Ξ u = u ∈ Spin 
Field ψ is called an operator spinor field and the operator spinor fields belonging to Lounesto classes 1, 2, 3 are also known as Dirac-Hestenes spinor fields.
If γ µ , µ = 0, 1, 2, 3 are the Dirac gamma matrices in the standard representation and γ µ are as introduced above, we define
Then, to the covariant spinor ψ : M → C 4 (in standard representation of the gamma matrices) where
there corresponds the operator spinor field ψ ∈ sec Cℓ 0 (M, η) given by
We then have the useful formulas in Eq. (9) below that one can use to immediately translate results of the standard matrix formalism in the language of the Clifford bundle formalism and vice-versa
Remark 1 Note that γ µ , i1 4 and the operations and † are for each x ∈ M mappings C 4 → C 4 . Then they are represented in the Clifford bundles formalism by extensor fields [31] which maps Cℓ 0 (M, η) → Cℓ 0 (M, η). Thus, to the operator γ µ there corresponds an extensor field, call it γ µ : Cℓ
Using the above dictionary the standard Dirac equation 6 for a Dirac spinor
translates immediately in the so-called Dirac-Hestenes equation, i.e.,
Remark 2 In Eq.(11) the operator ∂ acts on C ∈ sec Cℓ(M, η) (when using the basis introduced above) as
Remark 3 It is sometimes useful, in particular when studying solutions for the Dirac-Hestenes equation to consider the Clifford bundle of multivector fields Cℓ(M, η). We will writeψ ∈ sec Cℓ(M, η) for the sections of the Cℓ(M, η) bundle. The Dirac-Hestenes equation in Cℓ(M, η) is.
where e µ e ν + e ν e µ = 2η µν and∂ := e µ ∂ µ with e µ := η µν and (when using the basis introduced above)∂Č
5ψ is the reverse of ψ. If Ar ∈ sec r T * M ֒→ sec Cℓ(M, η) thenÃr = (−1) r 2 (r−1) Ar. 6 ∂µ := ∂ ∂x µ . 7 The symbols and ∧ denote respctivley the leftcontraction and the exterior products in Cℓ(M, η).
forČ ∈ sec Cℓ(M, η). Keep in mind that in definition of∂ the e µ are not supposed to act as a derivatives operators, i.e., e µ (∂ µČ ) (respectively e µ ∧(∂ µČ )) is the left contraction of e µ with ∂ µČ (respectively, the exterior product of e µ with ∂ µČ ).
The basic positive and negative energy solutions of Eq. (10) which are eigenspinors of the helicity operator are [35] 
The u (α) (p) and v (α) (p) (α = 1, 2) are eigenspinors of the parity operator
which makes Dirac equation invariant under a parity transformation 9 . These fields are represented in the Clifford bundle formalism by the following operator spinor fields,
Remark 4 Recall that Dirac-Hestenes spinor fields couple to the electromagnetic potential A ∈ sec 1 T * M ֒→ sec Cℓ(M, η) as
As it is well known this equation is invariant under a parity transformation of the fields A and ψ.
In 
8 The parity operator acting on covariant spinor fields is defined as in [1] , i.e., P = iγ 0 R, where R changes p → −p and changes the eingenvalues of the helicity operator. For other possibilities for the parity operator, see e.g., page 50 of [7] . 9 For an easy and transparent way to see this rresult see Appendix . 10 Recall that pγ 0 = pµγ µ γ 0 = E + p. 11 The conjugation operator used in [1] is Cψ = −γ 2 ψ * . Using the dictionary given by Eq. (9) we find that in the Clifford bundle formalism we have Cψ= −ψγ 20 .
where the Cλ ′s = +λ ′s , Cλ ′a = −λ ′a and the indices {+−}, {−+} refers to the helicities of the upper and down components of the elko spinor fields, and where as in [1] we introduce the following helicity eigenstates 12 , φ
. (22) Also recall that being a general boost operator in the
we have, e.g., taking α = p
More details, if necessary, may be found in [1] .
Remark 5 By dual helicity field we simply mean here that the formulas in Eq. (22) are satisfied. Note that the helicity operator (in both Weyl and standard representation of the gamma matrices) is
C 4 -valued spinor fields depends for its definition of a choice of an inertial frame where the momentum of the particle is (p 0 , p). 
12 The indices L and R in φ ± L (p) and φ ± L (p) refer to the fact that these spinors fields transforms according to the basic non equivalent two dimensional representation of Sl(2, C). and then
. (27) Remark 7 Recall that, e.g., the C 4 -valued spinor field λ ′s {− +} (p) given in the Weyl representation of the gamma matrices is represented by λ s {− +} (p) in the standard representation of the gamma matrices. We have
and then
. (29) Eq. (28) and Eq. (29) show that the labels {− +} (and also {+ −}) as defining the helicities of the upper and down C 2 -valued components of a λ type spinor field in the standard representation of the gamma matrices have no meaning at all.
Also, one can make the identifications
Moreover, we recall that the elko spinor fields are not eigenspinors of the parity operator and indeed (see Eq.(4.14) and Eq. (4.15) 
, with ǫ s = −1 and ǫ a = +1 we have due to their construction that the elko spinor fields must satisfy the following csfopde: 
Remark 8 From Eq. (33) it follows trivially that the operator spinor fields λ s,a
e.g., the Klein-Gordon equations
possess (as it is trivial to verify) solutions that are not solutions of the csfopde satisfied λ 
14 See details and the definition of the multiform derivatives ∂ λ s We have immediately
Recalling that iγ 3 = −γ 0 γ 1 γ 2 the resulting Euler-Lagrange equation is
With this result and the one in [10] we must say that the main claims concerning the attributes of elko spinor fields appearing in recent literature seems to us equivocated and the question arises: which kind of particles are described by these fields and to which gauge field do they couple? This question is answered in the next section.
4 Coupling of the elko Spinor Fields a su(2) ≃ spin 3,0 valued Potential A
We start by introducing Clifford valued differential multiforms fields, i.e., the objects
where τ 1, τ 2, , τ 3 are the generators of the Pauli algebra R 3,0 ≃ R 0 1,3 and i : = τ 1 τ 2 τ 3 . So, we have τ i := Γ i Γ 0 where the Γ µ are the generators of R 1,3 , i.e.,
We define the reverse a general Clifford valued differential multiforms field
Since, as well known the τ 1, τ 2, , τ 3 have a matrix representation in C(2), namely τ 1, τ 2, , τ 3 , a set of Pauli matrices, we have the correspondences
We observe moreover that
Then, from Eqs. (33) we can show that the K and M fields satisfy the following linear partial differential equations
Indeed,
Then, from Eqs. (43) and (44) we see that K and M satisfy the following linear partial differential equations
which, on taking the corresponding matrix representation gives the coupled equations for the pairs (λ . Before proceeding we observe that the currents
are conserved, i.e.,
Indeed, let us show that ∂ J K = 0. We have
From Eq.(43) we have
Then,
The fields K and M are electrically neutral, but they can couple with an su(2) ≃ spin 3,0 ⊂ R 3,0 valued potential
Indeed, we have taking into account that i = Γ 5 , τ i = Γ i0 that the coupling is
Equations (54) and (55) are invariant under the following transformation of the fields and change of the basis of the spin 3,0 ⊂ R 00 1,3 algebra:
With the above result we propose that elko spinor fields of the λ and ρ types,are the crucial ingredients permitting the existence of the K and M fields which do not carry electric charges but possess magnetic 16 like charges that couple to an spin 3,0 ⊂ R 00 1,3 valued potential A.
Difference Between Elko and Majorana Spinor Fields
Here we recall that a Majorana field (also in class five in Lounesto classification 17 and supposedly describing a Majorana neutrino) differently from an elko spinor field is supposed in some textbooks to satisfy the Dirac equation (see, e.g., [21] ), even if that equation cannot be derived from a Lagrangian (unless, as it is well known the components of Majorana fields for each x ∈ M are Grassmann 'numbers'). The "proof" in [21] for the statement that a Majorana field ψ
4 satisfies the Dirac equation is as follows. That author writes that 16 The use of the term magnetic like charge here comes from the analogy to the possibel coupling of Weyl fields describing massless magnetic monoples with the electromagnetic potential A ∈ sec 1 T * M . See [30, 31] . 17 We mention Dirac spinor fields are the real type fermion fields and that Majorana and Elko spinor fields are the imaginary type fermion fields according to Yang and Tiomno [38] classification of spinor fields according to their transformation laws under parity . 
with σ µ = (1,σ i ) andσ µ = (1, − σ i ) where σ i (= σ i ) are the Pauli matrices. From this we can see that we can write:
The set of matrices γ ′µ := 0σ 
Have saying that, [21] defines a Majorana field (in Weyl representation) by
and write
concluding his "proof". Now, let us investigate more deeply that "proof". First recall that writing
we have from Eq.(57) and Eq.(58) that
However, if φ l (0) and φ r (0) are the zero momentum fields we have (with κ being the boost parameter, i.e., sinh κ/2 = (γ − 1)/2) with γ = 1/ √ 1 − v 2 and n the direction of motion) by definition:
We can now verify that Eq. (66) 
But this condition cannot be satisfied for a Majorana field ψ
as defined by [21] where φ r (0) = iσ 2 φ * l (0). Indeed, writing φ t l (0) = (ν, w) with v, w ∈ C we see that to have φ l (0) = ±φ r (0) we need ν = ω * and ω = −ν * , i.e., ν = ω = 0. We conclude that a Majorana field ψ 
Some Majorana Fields are Dual Helicities Objects
Before continuing we recall also that it is a well known fact (see, e.g., [16] ) that the Dirac Hamiltonian commutes with the operator Σ ·p given by Eq. 
and as the elko spinor fields they are also dual helicities objects.
Remark 10
Keep also in mind that as well known even if a Majorana field is described by a field [22] ϕ : M → C 2 carrying the D 1/2,0 (or D 0,1/2 ) representation of Sl(2, C) the value of the helicity obviously depends on the inertial reference frame where the measurement is done [7, 24] because the helicity is invariant only under those Lorentz transformations which did not alter the direction of p along which the angular momentum component is taken. 
The Majorana Currents
is conserved as it is trivial to verify. Moreover, it is lightlike (since for a class five spinor fieldψ M ψ M = 0 and thus
but it is a non null covector field if the components of the spinor field ψ
Also, the current
is non null as it is easy to verify, and is also lightlike. If the Majorana spinor field was to satisfy the Dirac equation the current J
5
M would be also conserved, i.e., ∂ J 5 M = 0. In that case we would have a subtle question to answer: how can a massive particle have associated to it currents J M and J
M that are ligthlike? What is the meaning of these currents?
Remark 11 Of course, the answer to the above question from the point of view of a first quantized theory is that a Majorana field cannot carry any electric or magnetic charge, i.e., the physical currents e M J M and q M J 5 M are null because e M = q M = 0.
Making of Majorana Fields that Satisfy the Dirac Equation
Is it possible to construct a Majorana spinor field that satisfies the Dirac equation? There are two possibilities of answering yes for the above question. First possibility: As, e.g., in [18] and [9] we consider ab initio a Majorana field as a quantum field and which is not a dual helicity object. Indeed, define a Majorana quantum field as ψ 
and where the zero momentum spinors u(0,s) and v(0,s) are
19 Here ψ
Indeed, we can very by explicit calculation that
and taking into account Eq.(76) we see that
With this results we can immediately verify that the quantum Majorana field ψ ′ M (x) satisfy the Dirac equation,
For that Majorana field that is not a dual helicity object we can construct in the canonical way the causal propagator that is nothing more than the standard Feynman propagator for the Dirac equation (see, e.g., [18] ).
Remark 12
In a second quantized theory the currents J M and J
5
M are given by the normal product of the field operators and the in this case the current :
is non null. For a proof of these statements, see, e.g., [18] where in particular a consistent quantum field theory for Majorana fields satisfying the Dirac equation is presented, showing in particular that the causal propagator for that field is the standard Feynman propagator of Dirac theory.
Second possibility: In several treatises, e.g., [25, 37] even at the "classical level" it is supposed that any Fermi field must be a Grassmann valued spinor field, i.e., an object where φ t L = (ν ω) and v, ω : M → G, with G a Grassmann algebra [8, 12] , i.e., v(x) and w(x) are Grassmann elements of a Grassmann algebra for all x ∈ M . In this case it is possible to show that the Majorana field defined, e.g., in [25] by
does satisfy the Dirac equation.
To prove that statement write φ t L = ( ν ω ),where for any x ∈ M , v(x) and ω(x) take values in a Grassmann algebra. If Ψ ′M does satisfy Dirac equation we must have for
Then we need simultaneously to satisfy the equations
which at first sight seems to be incompatible, but are not. Indeed, from φ L = −σ 2 φ * L we obtain ν = iω * and ω = −iν *
and from φ L = σ 2 φ * L we obtain ν = −iω * and ω = iν * .
So, if we understand the symbol * as denoting the involution defined by Berizin's 20 Eq. (83) is consistent if we take
But since for any c ∈ C and ϕ ∈ G it is (cϕ)
and since ν = ν * and ω = ω * Eq.(82) implies ν = −iω * . Thus, surprisingly as it may be at first sight Eq. (83) is compatible with Eq.(84).
Claim 13
We may then claim that a Majorana field whose components take values in a Grassmann algebra satisfies the Dirac equation. This is consistent with the fact that Dirac equation under these conditions may be derived from a Lagrangian [25, 37] . We can also verify that for such a Majorana field the current J M = 0.
Remark 14
In resume, from the algebraic point of view there is no difference between elko spinor fields and Majorana spinor fields ψ
However have in mind that the Majorana field defined in [25] (Eq.(80) above) looks like an elko spinor field, but, of course, is not the same object, since the components of an elko spinor fields are for any x ∈ M complex numbers but the components of Ψ ′M in [25] take values in a Grassmann algebra. Of course, if we recall that in building a quantum field theory for elkos make automatically the components of elko spinor fields objects taking values in a Grassmann algebra we cannot see any reason for the building of a theory like in [1] . Instead we think that elko spinor fields are worth objects of study because they permit the construction of the K and M fields introduced above which may describe possible of "magnetic like" particles.
The Causal Propagator for the K and M Fields
We now calculate the causal propagator S F (x−x ′ ) for, e.g., theǨ ∈ sec Cℓ 0 (M, η)⊗ R (87) 20 See pages 66 and of [8] IfǨ i (x) is a solution of the homogeneous equatioň
we can rewrite Eq.(87)as an integral equatioň
Putting Eq.(88) in Eq.(87) we see that S F (x, y) must satisfy for an arbitrary
whose solution is [17] 
For the causal Feynman propagator we get with
For a scattering problem definingǨ s =Ǩ−Ǩ i withǨ i an asymptotic in-state we get when t → ∞
This permits to define a set of final statesǨ f given by
which are plane waves solutions to the free field Dirac-Hestenes equation with momentump f . Equipped with theǨ i (x) andǨ f (x) we can proceed to calculate the scattering matrix elements, Feynman rules and all that (see details if necessary in [17] ). For the covariant λ and ρ fields the causal propagator is the standard Dirac propagator S F (x − x ′ ). Indeed, it can be used to solve, e.g., the csfopde
once appropriate initial conditions are given. To see this it is only necessary to rewrite the formulas in Eq. (94) as
Eqs. (95) and (96) have solutions
once we recall that
Conclusions
In [30, 31] it was shown that the massless Dirac-Hestenes equation decouples in a pair of operator Weyl spinor fields, each one carrying opposite magnetic like charges that couple to the electromagnetic potential A ∈ sec 1 T * M in a non standard way 21 Here we proposed that the fields λ and ρ serves the purpose of building the fields K,M ∈ sec Cℓ(M, η) ⊗ R 0 1,3 . These fields are electrically neutral but carry magnetic like charges which permit them to couple to a spin 3,0 valued potential A ∈ sec 1 T * M ⊗ spin 3,0 . If the field A is of short range the particles described by the K and M may interact forming something analogous to dark matter, in the sense that they may form a condensate of spin zero particles with zero total magnetic like charges that do not couple with the electromagnetic field and are thus invisible.
We obtained also the causal propagators for the K and M fields, which can be used to calculate scattering matrix elements, Feynman rules, etc.
22
Before closing this paper we observe yet that elko spinor fields already appeared in the literature before the publication of [1] . A history about these objects may be found in [13, 14] . In those papers a Lagrangian equivalent to Eq.(35) written for the covariant spinor fields λ and ρ is given. However, the author of those papers did not comment that since the basic csfopde satisfied by the elko spinor fields is by construction the ones given in Eq. (33) and as a consequence these fields, contrary to the claim of [1] , must have mass dimension 3/2 and not 1.
We recalled also that as claimed in [1] an elko spinor field (of class five in Lounesto classification) does not satisfy the Dirac equation. According to some claims in the literature (see, e.g., [21] a Majorana spinor field ψ
and which is a dual helicity object (that also belongs to class five in Lounesto classification) does satisfy the Dirac equation. However we showed that this claim is equivocated. At "classical level" a Majorana spinor field can satisfy Dirac equation only if its components for any x ∈ M take values in a Grassmann algebra.
It is important to emphasize in order to avoid misunderstandings that the theory presented in this paper is an alternative theory to the one originally built in [1] and developed in a series of interesting and challenging papers (see references). It differs drastically from that theory. The main differences are that the equations satisfied by our elko spinor fields of mass dimension 3/2 (see Eq. (33)) and their solutions are trivially Lorentz invariant. In the theory in [1] the elko spinor fields are of mass dimension 1 and that theory breaks Lorentz invariance (see Appendix B). Also our theory gives a prediction of a new type of particle that is electrically and magnetically neutral but has a magnetic like charge which can couple with an spin 3,0 valued gauge field. The other theory (for the best of our understanding) does not fix the nature of the field that intermediates the interaction of the particles described by their elko spinor fields of mass dimension 1. Of course, we do not claim that our theory is better than the other. Which one is appropriate to describe some eventual feature of physical reality (dark matter?) only the future will tell.
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A A New Representation of the Parity Operator Acting on Dirac Spinor Fields Let e µ = ∂ ∂x µ and e µ = ∂ ∂x µ be two arbitrary orthonormal frames for T M and let Σ 0 = Γ µ = dx µ and Σ = γ µ = dx µ be the respective dual frames. Of course,e 0 and e 0 are inertial reference frames [31] and we suppose now that e 0 is moving relative toe 0 with 3-
Let Ξ u0 and Ξ u be the spinorial frames associated with Σ 0 and Σ. Consider a Dirac particle at rest in the inertial framee 0 (take as a fiducial frame). The triplet (ψ 0 , Σ 0 , Ξ 0 ) is the representative of the wave function of our particle in (Σ 0 , Ξ 0 ) and of course, its representative in (Σ, Ξ) is (ψ, Σ, Ξ). Now,
where u describes in the spinor space the boost sending Γ µ to γ µ , i.e.,γ
Now, the representative of the parity operator in (Σ 0 , Ξ 0 ) is P u0 and in (Σ, Ξ) is P u ; We have according to our dictionary (Eq.(9)) that
or
where ψ and ψ 0 are Dirac ideal real spinor fields
and if the momentum of our particle is the covector field
Also uR = Ru and clearly Rψ 0 = ψ 0 . Now,
from where it follows that
Now we rewrite P u Ψ = γ 0 RΨ as
We conclude that the parity operator in an arbitrary orthonormal and spin frames (Σ, Ξ) acting on a Dirac ideal spinor field ψ) is
Of course, when applied to covariant spinor fields ψ : M → C 4 the operator P is represented by
A derivation of this result using covariant spinor fields (and which can be easy generalized for arbitrary higher spin fields) has been obtained in [36] .
B Correct Value for the Fourier Transform of G(p)
According to the theory of elko spinor fields as originally developed in [1] (see also [2, 3, 4, 5, 6 , ?] the evaluation of the anticommutator of an elko spinor field with its canonical momentum gives
with
where the spacelike p-dependent field n = n µ (p)e µ is (n 0 (p), n 1 (p), n 2 (p), n 3 (p)) := (0, n(p)), p = (p cos θ, p sin θ cos ϕ, p sin θ sin ϕ) 
Remark 16 In [?] the integral in Eq.(115) has been evaluated for the case when ∆ lies in the direction of one of the spatial axes e i = ∂/∂x i of an arbitrary inertial reference frame e 0 = ∂/∂x 0 (where (x 0 , x 1 , x 2 , x 3 ) are coordinates in Einstein-Lorentz-Poincaré gauge naturally adapted to e 0 [31, 33] ).We note that the evaluation of each one of the integrals in [?] is correct, but they do not express the values of the Fourier transformĜ(x − x ′ ) for the particular values of ∆ used in the calculations of those integrals. It is not licit to fix a priori two of the components of ∆ as being null to calculate the integral (2π) −3 d 3 pe
ip·(x−x ′ ) G(p) for this procedure excludes the singular behavior in the sense of distributions of the Fourier integral. So, it is wrong the statement in [10] that elko theory as constructed originally in [1] is local 25 .
B.1 Plane of Nonlocality and Breakdown of Lorentz Invariance
When ∆ z = 0,Ĝ(x − x ′ ) is null the anticommutator is local and thus there exists in the elko theory as constructed in [1, 5] an infinity number of " locality directions". On the other handĜ(x − x ′ ) is a distribution with support in ∆ z = 0. So,the directions ∆ = (∆ x , ∆ y , 0) are nonlocal in each arbitrary inertial reference frame e 0 chosen to evaluateĜ(x − x ′ ). Recall that given an inertial (coordinate) reference frame frame e 0 = ∂/∂x 0 in Minkowski spacetime there exists [11] and infinity of triples of vector fields {e (k) ), coordinates in Einstein-Lorentz-Poincaré gauge [31] naturally adapted to e 0 differing by a spatial rotation) which constitutes a global section of the frame bundle. So, the labels x,y and z directions in inertial reference frame e 0 are arbitrary (a mere convention) and thus without any physical significance. This means that the theory as constructed in [1] breaks in each inertial reference frame rotational invariance and since in different inertial references frames there are different (x, y) planes the theory breaks also Lorentz invariance. This means that the theory as constructed in [1] breaks in each inertial reference frame rotational invariance and since in different inertial references frames there are different ( and moreover arbitrary) (x, y) planes the theory breaks also Lorentz invariance. This odd feature (according to our view) of the theory of elko spinor fields as constructed originally in [1] was eventually the main reason that lead us to the investigation described in this paper. However if this odd effect will be observed in experiments we must agree that the original version of elko theory is indeed a science breakthrough. The one who lives will know.
